Orbifold Stability and Miyaoka-Yau Inequality for minimal pairs by Guenancia, Henri & Taji, Behrouz
ar
X
iv
:1
61
1.
05
98
1v
1 
 [m
ath
.A
G]
  1
8 N
ov
 20
16
ORBIFOLD STABILITY AND MIYAOKA-YAU INEQUALITY FOR
MINIMAL PAIRS
by
Henri Guenancia & Behrouz Taji
Abstract. — After establishing suitable notions of stability and Chern classes for singular
pairs, we use Ka¨hler-Einstein metrics with conical and cuspidal singularities to prove the slope
semistability of orbifold tangent sheaves of minimal log-canonical pairs of log general type.
We then proceed to prove the Miyaoka-Yau inequality for all minimal pairs with standard
coefficients. Our result in particular provides an alternative proof of the Abundance theorem
for threefolds that is independent of positivity results for tangent sheaves.
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1. Introduction
In 1954 Calabi conjectured that a compact complex manifold with negative first Chern
class c1(X) < 0 admits a Ka¨hler-Einstein metric. This conjecture was famously settled
by Aubin [Aub78] and Yau [Yau78] leading to many remarkable applications in algebraic
geometry. An important consequence was the celebrated Miyaoka-Yau inequality:
(1.1)
(
2(n+ 1) · c2(X)− n · c
2
1(X)
)
· (−c1(X))
n−2
> 0,
where n = dim(X).
Henri Guenancia is partially supported by NSF Grant DMS-1510214. Behrouz Taji was partially sup-
ported by the DFG-Graduiertenkolleg GK1821 “Cohomological Methods in Geometry” at Freiburg.
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The first main result of the current paper is the generalization of Inequality (1.1) to the
case of all minimal models.
Theorem A. — (The Miyaoka-Yau inequality for minimal models)
Any minimal model of dimension n verifies the Miyaoka-Yau inequality:
(1.2)
(
2(n+ 1) · c2(X)− n · c
2
1(X)
)
· (−c1(X))
n−2 > 0,
A minimal model X is a normal complex projective variety with only terminal singular-
ities whose canonical divisor is a Q-Cartier nef divisor. According to standard results and
conjectures in the Minimal Model Program minimal varieties exist, at least conjecturally, in
the birational class of any non-uniruled projective manifold. More generally, such objects are
studied in the logarithmic category where a projective variety X is considered together with
a divisor D such that (KX +D) is nef and (X,D) has only “mild” singularities. Naturally
one would like to generalize the inequality (1.1) in this setting.
Generalization of Miyaoka-Yau inequalities have attracted a lot of attention over the
last thirty years, with major contributions due to Tsuji, R.Kobayashi, Tian-Yau, Simpson,
Megyesi, Y.Zhang, Song-Wang, Greb, Kebekus, Peternell together with the second author,
to cite only a few. We have tried to render a brief account of these contributions in the last
section of the introduction.
One of the remaining cases of interest for this inequality is that of log canonical pairs
(X,D) where KX +D is nef. Here the situation gets significantly more complicated; even
when defining the correct notion for Chern classes. In fact in the most general setting, where
all possible rational coefficients for D is allowed, it is not even clear how one should define
higher Chern classes. However, in the two cases considered in Theorem B below (which seem
to be somehow the maximally singular cases where orbifold Chern classes can be defined,
as we explain below), it is possible to find a smooth cover of X—defined in codimension
two—that makes D integral; then one can follow a construction similar to that of Mumford
and define c2(X,D). With this definition at hand, we prove the Miyaoka-Yau inequality for
minimal dlt pairs whose boundary has standard coefficients, as well as for minimal lc pairs
with reduced boundary:
Theorem B. — (The Miyaoka-Yau inequality for minimal lc pairs)
Let X be a normal projective variety of dimension n and D an effective divisor verifying one
of the following conditions.
(i) The divisor D is reduced, (X,D) has log canonical singularities and X is klt.
(ii) The pair (X,D) is dlt with standard coefficients, i.e. D =
∑
(1− 1ni )·Di, ni ∈ N
+∪{∞}.
(iii) The pair (X,D) is log-smooth, where D =
∑
di ·Di, di ∈ [0, 1] ∩Q.
Assuming that (KX+D) is nef, let ν denote the numerical Kodaira dimension of (KX+D).
Then, for an ample divisor H in X, the inequality
(1.3)
(
2(n+ 1) · c2(X,D)− n · c
2
1(X,D)
)
· (KX +D)
i ·Hj > 0.
holds, where i = n− 2, j = 0, when ν(KX +D) > n− 2 and i = ν, j = n− ν − 2 otherwise.
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We follow the usual convention by setting “ni = ∞” when the expression (1 −
1
ni
) is
equal to 1. Also recall that the numerical Kodaira dimension ν(B) of a nef Q-divisor B is
defined by ν(B) := max{m ∈ N
∣∣ Bm 6≡ 0}. For the definition of the various singularities
that appear in this paper we refer to [KM98]. We recall that klt singularities are dlt, and
dlt singularities are lc.
A few remarks about Theorem B. — We would like to detail a few points about Theorem
B.
· The restriction on the singularities is essential to guarantee the existence of suitable
covers, and consequently a good notion for c2(X,D); we refer to Section 2.4 for an in-depth
discussion.
· The strategy of the proof of Theorem B relies, in a crucial way, on an approximat-
ing process which amounts to replacing (X,D) by (X,D + 1mH) for some suitable ample
divisor H , and then passing to the limit when m → ∞. This approximation, detailed in
Proposition 2.14 is required:
• to clear the poles of the Higgs field in the last step of the proof: as the new pair is klt,
the canonical Higgs field on the cover has no poles along the divisor (rather zeros), allowing
us apply Simpson’s results vis-a`-vis the Kobayashi-Hitchin correspondence.
• to be able to deal with the case KX +D nef, not necessarily ample (or big).
The remark above highlights the importance of having a good (intrinsic) theory of orbifold
sheaves (and related objects) in the case of boundary with arbitrary rational coefficients,
which form the main bulk of the preliminary sections 2 and 3 of the current paper. These
constructions provide sufficient flexibility that is crucial in dealing with the approximation
process mentioned above. Indeed it is in this context that we establish slope semistability
for the tangent sheaf of minimal models; a result that turns out to be an essential tool in
proving Theorem B.
Theorem C. — (Semistability of the orbifold tangent sheaf of minimal lc pairs).
The orbifold tangent sheaf of any minimal log canonical pair of log general type (X,D) is
slope semistable with respect to KX +D.
The general strategy to prove Theorem C is inspired from [CP14] and [Gue16], and the
main analytical input is the theory of conical/cuspidal metrics, cf §4.1. These metrics are the
logarithmic (or pair) analogue of Ka¨hler metrics and they provide canonical -though possibly
singular- hermitian metrics on the orbifold tangent sheaf of a pair (X,D), say when KX+D
is ample. These metrics are the key to derive geometric properties of the orbifold tangent
sheaf (like semistability) knowing only positivity/negativity properties of its determinant.
However, when the pair (X,D) is singular, these metrics are unfortunately too singular to
carry over the existing analysis in the (log) smooth case. So one needs to regularize the
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metrics on a resolution and control the resulting error terms. This constitutes the core of
the work to get Theorem C.
The last step of the proof of Theorem C is to relate the semistability of the orbifold
tangent sheaf of a resolution to the one of X . This is a place where it is crucial to
have defined the orbifold tangent sheaf in an intrinsic way (that is, not with any particular
choice for a cover but rather the possibility to work with all adapted covers at the same time).
Application to the Abundance Conjecture. — The inequality (1.3) in dimension 2
was established, through purely algebraic methods, by Miyaoka in the smooth setting. In
higher dimensions a weaker inequality was famously proved, again by Miyaoka, via his work
on generic semipositivity of the cotangent sheaves of minimal models, an approach that
heavily depends on sophisticated characteristic-p arguments. Miyaoka’s result in dimension
3, and its generalization by Megyesi ([K+92, Chapt. 10]), namely the inequality
c2(X,D) · (KX +D) > 0
for a minimal lc pair (X,D) with klt X , was fundamental to the proof of Abundance conjec-
ture for threefold cf. [Kaw92] and [K+92]. In this light, Theorem B provides an alternative
way for proving the Abundance Conjecture (in dimension 3), that is independent of generic
positivity results for cotangent sheaves of minimal models.
Structure of the paper. —
• Sections 2 and 3 provide the suitable algebraic framework to work with sheaves on
pairs (X,D), where D has rational coefficients. Roughly speaking, every lc pair (X,D),
with X being klt, has a natural structure of a local Deligne-Mumford stack in codimension
two (see Subsection 2.3). Such structures can then be endowed with linearized sheaves; the
orbifold sheaves. In particular, and inspired by the works of Campana, we can naturally
define an orbifold tangent sheaf for the pair (X,D) (Definition 2.17). The Chern classes of
such orbifold sheaves can then be defined in an orbifold sense (see Section 2.6).
• In Section 4, after recalling the basic definitions about conical/cuspidal metrics, we
then use the regularity results of [GP16] about conical/cuspidal Monge-Ampe`re equations
to derive the semistability of the orbifold tangent sheaf of any minimal lc pair, in the spirit
of [Gue16]. Even though the global approach is similar, one of the key estimates (Lemma
4.3) requires a new input, cf Remark 4.4.
• In Section 5, and by following a similar strategy to that of [GKPT15], we prove Theo-
rem B using Theorem C to construct a a stable orbi-Higgs sheaf whose Bogomolov-Gieseker
Chern class discriminant is equal to that of Miyaoka-Yau for the orbifold tangent sheaf of
(X,D). At this point Simpson’s result on the Kobayashi-Hitchin correspondence for Higgs
bundles can be used to prove the Miyaoka-Yau inequality for (X,D).
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Previously known results. — As we explained above already, the Miyaoka-Yau inequal-
ity and its various generalization have been intensely studied. There are been different types
of generalization so far:
· By relaxing the assumption on ampleness of KX and replacing it with KX nef and
big. The first approach seems to be due to Tsuji [Tsu88] using orbifold metrics; later,
Zhang [Zha09a] gave a proof using the Ka¨hler-Ricci flow relying on the scalar curvature
bound of Z. Zhang [Zha09b]. Finally, Song and Wang [SW16] used the regularity results
of [JMR16] about conical metrics to reprove that inequality. The idea that conical metrics
could be used to generalize Miyaoka-Yau inequality has been suggested by Tian [Tia94]
already twenty years ago.
· In the setting of log smooth pairs (X,D) with standard coefficients, the Miyaoka-Yau
inequality has been obtained by R. Kobayashi [Kob84] (assuming D reduced) and Tian-
Yau [TY87] (in general). The proofs rely on the generalization of Aubin-Yau theorem in
this setting, where the suitable geometry involves orbifold and cuspidal metrics. Song-Wang
[SW16] (partially) generalized this results to the case where (X,D) is log smooth and D
has arbitrary real coefficients (in (0, 1)), using conical Ka¨hler-Einstein metrics.
· For singular klt surfaces, and more generally for log canonical pairs (S,C) where S is a
klt surface and C is a (reduced) curve such that KS +C is nef, the Miyaoka-Yau inequality
was showed by Megyesi [K+92, Chap. 10].
· In another direction, Simpson [Sim92] observed that Miyaoka-Yau inequality can be
(almost formally) deduced from Bogomolov-Gieseker inequality for semistable bundles using
the Higgs bundle ΩX ⊕OX .
· Using Simpson’s much more robust approach and the first author’s semistability result
[Gue16], Greb, Kebekus, Peternell and the second author have recently proved the Miyaoka-
Yau inequality for projective varieties of general type with klt singularities, cf. [GKPT15].
Acknowledgements. — Both authors would like to thank Daniel Greb, Stefan Kebekus,
Robert Lazarsfeld, Mihai Pa˘un, Thomas Peternell and Jason Starr for helpful discussions.
2. Preliminaries on orbifolds sheaves, Chern classes and stability
Definition 2.1 (Pairs). — A pair (X,D) consists of a normal quasi-projective variety X
and a divisor D =
∑
di ·Di, where di = (1 −
bi
ai
) ∈ [0, 1] ∩Q and ai, bi ∈ Z
+. We say that
(X,D) has standard coefficients, if bi = 1, for every i. In the following, ai and bi are always
assumed to be relatively prime.
Definition 2.2 (Pull-back of Weil divisors). — Let f : Y → X be a finite, flat and
surjective morphism between normal quasi-projective varieties Y and X . For every Weil
divisor D ⊂ X , we define the pull-back f∗(D) by the Zariski-closure of f∗(D|Xreg ).
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2.1. Adapted morphisms. —
Definition 2.3 (Adapted morphisms). — Let (X,D) be an orbifold pair as in Defini-
tion 2.1. A finite, Galois, flat and surjective morphism f : Y → (X,D) is called adapted (to
(X,D)) if
1. The variety Y is a normal and quasi-projective.
2. For every i, there exists mi ∈ N
+ and a Weil divisor D′i ⊂ Y such that f
∗(Di) =
(miai) ·D
′
i.
3. The morphism f is e´tale at the generic point of Supp(⌊D⌋).
Furthermore, we say that f is strictly adapted if mi = 1, for all i.
Definition 2.4 (Orbifold-e´tale morphisms). — Given a pair (X,D), we call a strictly
adapted morphism f : Y → (X,D) orbifold-e´tale, if the branch locus of f in codimension
one only consists of Supp(D).
2.2. Orbifold structures. —
Definition 2.5 (Local orbifold structures). — We say that a pair (X,D) has an orb-
ifold structure at x ∈ X , if there is a Zariski open neighbourhood Ux ⊆ X of x equipped
with a morphism fx : Vx → Ux adapted to (X,D)|Ux . Furthermore, if Ux is smooth
and Supp(f∗x(D)) is simple normal crossing, we say that that the orbi-structure defined
by (Ux, fx, Vx) is smooth.
Definition 2.6 (Strict and e´tale orbifold structures). — In Definition 2.4, if fx is
strictly adapted or orbi-e´tale, we say that the orbi-structure at x is, respectively, strict or
e´tale. In the orbi-e´tale case, the data (Ux, fx, Vx) defines a (local) Deligne-Mumford stack
with coarse moduli space fx : Vx → Ux whose isotropic groups at the generic point of Xx
are trivial and cyclic of order ai along the reduced components of f
∗
x(Di).
Definition 2.7 (Global structures). — Let C = {(Uα, fα, Xα)}α∈I , where I is an index
set, be a collection ordered triples describing local orbi-structures on X . Let α, β ∈ I and
define Xαβ be the normalization of the fibre product (Xα ×(Uα∩Uβ)Xβ) with the associated
commutative diagram:
Xαβ
gβα
//
gαβ

Xβ
fβ

Xα
fα
// Uα ∩ Uβ,
where gαβ : Xαβ → Xα and gβα : Xαβ → Xβ are the projection maps. We say that C defines
an orbi-structure on X , if
⋃
α∈I Uα = X and, for each α, β ∈ I, the two morphisms gαβ and
gβα are e´tale.
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2.2.1. Examples. — We now give a list of examples that are relevant to the rest of our
discussions in the current article.
Example 2.8 (Orbi-structures for snc pairs). — Every pair (X,D) with X smooth
and D having a simple normal crossing support admits various orbi-structures. Indeed, for
every x ∈ X there exists a Zariski open subset Ux ⊂ X that can be endowed with a canonical
smooth, e´tale orbi-structure as follows. Let Ux be a Zariski neighbourhood of x where each
irreducible component {(Di|Ux)}
k
i=1 of D is principal, given by the zero of fi ∈ OUx . Let
{ti}
k
i=1 parametrize each copy of C in the cartesian product C
k × Ux. Then, the subvariety
Vx ⊂ C
k×Ux defined by the zero of {(t
ai
i − fi)}
k
i=1 admits a projection onto Ux that is orbi-
e´tale with respect to (X,D)|Ux . The existence of the smooth orbi-structure now follows from
repeating this construction for each x ∈ X . Such pairs also admit a global, but non-canonical
structure. More precisely, thanks to Kawamata’s construction, cf.[Laz04a, Prop. 4.1.12],
every snc pair (X,D) admits a strict, smooth orbi-structure f : Y → X , which fails to be
orbi-e´tale along a non-unique, very ample divisor.
Example 2.9 (The normal Q-factorial case). — If we assume that X is Q-factorial,
then for every Q-effective such that (X,D) is a pair, and for every x ∈ X there is a quasi-
projective neighbourhood Uα together with a normal, quasi-projective variety Vα equipped
with a surjective, orbi-e´tale morphism fα : Vα → (Uα, D). Here the Q-factoriality assump-
tion allows us to mimic the construction in the simple normal crossing case. The collection
{(Uα, fα, Vα)} then forms an e´tale, orbi-structure for (X,D). As for global structures, Kawa-
mata’s construction also allows us to endow X with a global strict, but not necessarily e´tale,
orbi-structure defined by a single strictly adapted morphism f : Y → (X,D).
2.3. Orbi-structures for log-canonical spaces. — In this section, we construct
smooth, orbi-e´tale structures in codimension two for pairs satisfying the assumptions of
Theorem B. Later, this will make it possible to define a meaningful second Chern class
for these pairs. More precisely, one needs smoothness to define Chern classes, and e´tal-
ite´ to make sure that these classes are independent of choices, cf Section 3.2 for more details.
But first, let us recall the following result, which is a consequence of the classification of klt
singularities pairs in dimension two, see [GKKP11, Prop. 9.3] for a complete explanation.
Proposition 2.10. — (Klt spaces have quotient singularities in codimension two).
Let X be a quasi-projective variety with klt singularities. Then, there exists a Zariski open
subset X◦ ⊆ X, with codim(X\X◦) > 3, such that X◦ has quotient singularities. More
precisely, given any x ∈ X◦ there exists a quasi-projective neighborhood V ◦α ⊆ X
◦ of x and
a smooth quasi-projective variety W ◦α together with a finite, surjective and Galois morphism
h◦α :W
◦
α → V
◦
α which is e´tale outside the singular set.
As explained above, the existence of local smooth covers on klt spaces allow to construct
orbi-structures with nice properties:
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Corollary 2.11. — Let (X,D) be a pair satisfying of of the following conditions:
1. X is klt, D is reduced and (X,D) is lc.
2. (X,D) is a dlt pair with standard coefficients.
Then, there exists a natural choice of a smooth, orbi-e´tale structure in codimension two.
Proof. — Assume we are in the first case. By Proposition 2.10, one can cover a open subset
X◦ ⊆ X of codimension at least three by the image of quasi-e´tale Galois finite maps defined
on a smooth variety. By definition, these maps form a smooth, orbi-e´tale structure of X◦.
Assume now that we are in the second case. As X is Q-factorial in codimension two,
there is a Zariski open subset X◦ ⊆ X , with codim(X\X◦) > 3, that can be equipped
with a covering U◦α and orbi-e´tale morphisms f
◦
α : V
◦
α → U
◦
α with respect to D − ⌊D⌋ (see
Example 2.9). Here, the ramification formula reads
KV ◦α ∼Q (f
◦
α)
∗
(KU◦α + (D − ⌊D⌋)).
It thus follows from [KM98, Prop. 5.20] that V ◦α is klt. From Proposition 2.10 above we
know that, in codimension two, each V ◦α has a local, quasi-e´tale covering {h
◦
α :W
◦
αβ → V
◦
α }
by smooth quasi-projective varietiesW ◦αβ . The smooth orbi-e´tale structure now follows from
the composition of these maps.
2.4. Two examples of singularities without smooth orbi-structures. — The very
elementary examples below show how the restrictions on the singularities in Theorem B
cannot be removed if one wants to find a smooth cover (in codimension two) that is adapted
to the boundary divisor.
The first example below shows that if the pair (X,D) is not dlt but merely log canonical,
there is no hope in finding a smooth cover in codimension two, even if the coefficients are
standard.
Example 2.12. — Set X := C2, and let C = {y2 + x3 = 0} ⊂ C2 be the cusp. Then it
is well known that lct(X,C) = 56 , which means that (X,
5
6C) is lc but not klt. Denote by
Y := {t6 = y2 + x3} ⊂ C3 the standard cover and set C′ := {t = 0}. The ramification
formula can be written the following two ways
KY ∼Q p
∗(KX +
5
6
C) or KY + C
′ ∼Q p
∗(KX + C)
which show respectively that Y is indeed lc but not klt and that (Y,C′) is not lc. Moreover,
the singularity (Y, 0), called simple elliptic, is not a quotient singularity, cf [Kol97, Thm.
3.6] (this is also a consequence of the fact that quotient singularities are Q-factorial [KM98,
Lem. 5.16] hence klt, as the covering map would be quasi-e´tale and thus crepant).
The next example, in the similar vein as above, shows that if one does not require D to have
standard coefficients, then the ramified covers will in general not be klt; an obstruction to
much of the theory that will be developed in Subsection 2.6, cf also Proposition 2.10.
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Example 2.13. — Let (X,D) be a pair with X smooth, D irreducible and reduced such
that lct(X,D) < 1. Then for m large enough, (X, 1mD) is klt; however, any cover p : Y → X
ramified at order m along D will satisfy
KY ∼Q p
∗(KX +
m− 1
m
D)
but for m large enough, the pair (X, m−1m D) is not klt (or lc) anymore so that Y has worse
singularities than lc. Therefore Y cannot be (locally) covered by a smooth variety, which as
we will see in Subsection 2.6 poses a major difficulty for defining orbifold Chern classes.
2.5. The approximation process. — The following proposition in crucial in our ap-
proach, as it enables us to reduce the klt case (so further down the line, this translates into
being able to apply the standard Simpson correspondence rather than a logarithmic version)
and to deal with the general minimal case (rather than minimal and general type). The price
to pay is working with arbitrary rational coefficients and not standard ones anymore.
Proposition 2.14. — Given a pair (X,D) that is either lc with reduced boundary D or is
dlt, there exists an ample divisor H such that, for all integersm > 2, the new pair (X,Dm) :=
(X,D + 1m ·H) is a klt pair admitting a smooth, orbi-e´tale structure in codimension two.
Proof. — Let A be an irreducible very ample divisor that is not contained in Supp(D).
Define H := (A− ⌊D⌋). Now, the divisor (D + (1/m) ·H) can be decomposed as
Dm := (D − ⌊D⌋)︸ ︷︷ ︸
Dorb
+ (1−
1
m
) · ⌊D⌋ + (1−
b
a
)︸ ︷︷ ︸
:= (1/m)
·A.
As X is Q-factorial for every x ∈ X there exists a Zariski open neighbourhood Uα that
can be equipped with strictly adapted morphism rα : Vα → (Uα, Dm), where Vα is a normal
quasi-projective variety. (See Example 2.9).
Claim 1. — The variety Vα is klt.
Proof of Claim 1. From the ramification formula we have
KVα ∼Q r
∗
α
(
KUα +D
orb + (1 −
1
m
) · ⌊D⌋+ (1− 1/a) ·A
)
.
The claim will follow from [KM98, Prop. 5.20] if one can prove that
(
Uα, D
orb + (1− 1m ) ·
⌊D⌋+ (1 − 1/a) · A
)
is klt. First, notice that X is Q-factorial, so all the (adjoint) divisors
involved are Q-Cartier. Next, as (X,Dorb) is klt, the pair (X,Dorb + (1 − 1m ) · ⌊D⌋) is klt
for any m > 1. Indeed, the discrepancies of that new pair are a strictly convex combination
of the discrepancies of (X,Dorb) and (X,D). If π : X˜ → X is a log resolution of (X,D)
whose exceptional locus has pure codimension one, then |π∗A| is a free linear system on
X˜. By Bertini theorem, one can choose a sufficiently general member of that system that
contains no components of the exceptional divisor, and that intersects the exceptional locus
transversely, cf [Laz04b, 9.1.9 & 9.2.29]. As a consequence, (X,Dorb + (1− 1m ) · ⌊D⌋+ cA)
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is klt for any 0 6 c < 1 if A is general. This concludes the proof of the claim.
Now, as Vα is klt, there is a Zariski open subset V
◦
α ⊆ Vα of codimVα(Vα\V
◦
α ) covered
by finite number of Zariski open subsets V ◦αβ and finite, surjective, Galois morphism h
◦
αβ :
W ◦αβ → V
◦
αβ , where W
◦
αβ is smooth and h
◦
αβ is only ramified along sing(V
◦
αβ). Set U
◦
αβ :=
Im (r|V ◦
αβ
) and g◦αβ := h
◦
αβ ◦ rα.
W ◦αβ
g◦αβ
**h
◦
αβ
local charts
// V ◦α
rα
orbi-e´tale
// U◦αβ
The collection {(U◦αβ, g
◦
αβ ,W
◦
αβ)} now defines a smooth, orbi-e´tale structure for the pair
(X,Dm) in codimension two.
2.6. Orbi-sheaves and Chern classes. —
Definition 2.15 (Orbi-sheaves). — Let C = {(Uα, fα, Xα)}α∈I be an orbi-structure on
a given quasi-projective variety X . As in Definition 2.7, let Xαβ be the normalization of
the fibre product Xα ×Uα∩Uβ Xβ with naturally induced morphisms gα : Xαβ → Xα and
gβ : Xαβ → Xβ . Set Gα := Gal(Xα/Uα). We call a collection {Fα}α of coherent Gα-sheaves
of rank r on each Xα an orbi-sheaf on (X,D) of rank r with respect C, if g
∗
α(Fα)
∼= g∗β(Fβ).
We denote this collection by FC . We say that FC is torsion free, reflexive or locally free
orbi-sheaf, if each Fα is torsion free, reflexive or locally free, respectively.
Definition 2.16 (Orbi-subsheaves). — Let (X,D) be a pair with an orbi-structure
C = {(Uα, fα, Xα)}α∈I . Let EC and FC be two orbi-sheaves with respect to C. We say that
FC is an orbi-subsheaf of EC, if, for each α, we have the inclusion Fα ⊆ Eα.
2.6.1. Higgs sheaves in the orbifold category. —
Notation 1. — Let fα : Y → X be a a morphism adapted to D, where D =
∑
di · Di,
di = (1 −
bi
ai
) ∈ (0, 1] ∩ Q. For every prime component Di of D − ⌊D⌋, let {D
ij}j(i) be the
collection of prime divisors that appear in f−1(Di). We define new divisors in Y by
DijY := bi ·D
ij(2.1)
Df := f
∗(⌊D⌋)(2.2)
Definition 2.17 (Orbifold (co)tangent sheaf). — Let (X,D) be a pair with a given
orbifold structure C = {(Uα, fα, Xα)}α∈I . Let Gα := Gal(Xα/Uα). For every α ∈ I, define
Dαij , D
ij
Xα
and Dfα to be the divisors defined in Notation 1. Denote X
◦
α to be the smooth
locus of the pair (Xα,
∑
Dij + Df ) and set D
ij
X◦α
:= DijXα |X◦α , D
◦
fα
:= Dfα |X◦α . Define
Ω1(X◦α,fα,D)
to be the kernel of the sheaf morphism
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((fα)|X◦α)
∗
(
Ω1X(log(pDq))
)
//
⊕
i,j(i)
ODij
X◦α
induced by the natural residue map. Set Ω
[1]
(Xα,fα,D)
to be the trivial coherent extension
(iX◦α)∗(Ω
1
(X◦α,fα,D)
), where iX◦α is the natural inclusion map. We define the orbi-cotangent
sheaf Ω
[1]
(C,D) of (X,D) with respect to C to be the orbi-sheaf given by the collection of
reflexive, Gα-sheaves {Ω
[1]
(Xα,fα,D)
}α∈I . We define the orbifold tangent sheaf T(C,D) by the
collection {T(Xα,fα,D)}, where T(Xα,fα,D) := (Ω
[1]
(Xα,fα,D)
)∗.
We refer to [CKT16, §3] for a more concrete description of the orbi-cotangent sheaf in terms
of differential forms with zeros and poles.
Definition 2.18 (Orbi-Higgs sheaves). — Let (X,D) be a pair equipped with an orbi-
structure C. We call an orbi-sheaf FC an orbi-Higgs sheaf, if there is an orbi-sheaf morphism
θC : FC → FC ⊗ Ω
[1]
(C,D) satisfying the integrability condition θC ∧ θC = 0. An orbi-Higgs
subsheaf is then defined to be an orbi-subsheaf that is invariant under θC .
2.6.2. Global covers associated to orbi-structures. — In this section, we recall a construc-
tion due to Mumford [Mum83, §2] enabling to define Chern classes for varieties with
quotient singularities. We refer to [GKPT15, §3.7] for more details about it. Let us note
that in our case, the local covers will not be quasi-e´tale but this won’t affect the construction.
Let (X,D) be a pair with a smooth orbi-structure C = {(Uα, fα, Xα)}α∈I . We consider
a finite, Galois field extension of the function field C(X) containing all the function fields
C(Xα). Let X̂ be the normalization of X in this field extension so that X = X̂/G with
Galois group G. Let γ : X̂ → X be the induced finite Galois morphism factoring through
each fα:
X̂C X
X̂α Xα Uα
γ
qα fα
where we have set X̂α := γ
−1(Uα) and qα := γ|X̂α . We sometimes refer to γ as the Mumford
cover associated to C = {(Uα, fα, Xα)}α∈I . Furthermore, given any orbi-sheaf FC we can
define a G-sheaf F̂C on X̂C associated to C by
F̂C |X̂α = q
∗
α(Fα).
2.6.3. Orbi-Chern classes. — Let (X,D) be a pair such that X◦, the maximal Zariski open
subset of X over which (X,D) admits a smooth orbi-structure C = {(U◦α, fα, V
◦
α )}, satisfies
codimX(X\X
◦) > 3.
Let γ : X̂◦C → X
◦ be the Mumford cover, defined in Subsection 2.6.2, associated to the
orbi-structure C. Let G := Gal(X̂◦C/X
◦). Following the notations introduced in Subsec-
tion 2.6.2, let {Fα}
C
α be a torsion free orbi-sheaf and F̂C the associated G-sheaf on X̂
◦
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defined by the equality F̂C |V ◦α = q
∗
α(Fα). By [Mum83, Thm. 3.1], there is an isomorphism
(2.3) An−i(X
◦)⊗Q ∼=
(
Ai(X̂◦C)
)G
⊗Q,
where
(
Ai(X̂◦C)
)G
denoted the classes of G-invariant ith cocycles. As a consequence(
Ai(X̂◦C)
)G
inherits a ring structure. Because X̂◦C is normal, it is Cohen-Macaulay in codi-
mension 2, so up to shrinking X◦ one can assume that X̂◦C is Cohen-Macaulay. Combined
with the smoothness of Xα, this implies that the finite morphism qα is flat and therefore
that the finite resolution of each Fα by locally free sheaves lifts, and thanks to Mumford
([Mum83, Prop. 2.1]), the G-sheaf F̂C on X̂
◦
C has a finite, locally free resolution; in
particular we can define its Chern classes:
ci(FC) := ci(F̂C) ∈
(
Ai(X̂◦C)
)G
.
On the other hand, from the localization sequence of Chow groups, we have An−i(X
◦) ∼=
An−i(X), whenever codimX(X\X
◦) > i. As a result when X is projective, and by using the
isomorphism (2.3), the classes c1(FC), c
2
1(FC) and c2(FC) are all well-defined as multilinear
forms on N1(X)n−1Q and N
1(X)n−2Q , respectively.
2.6.4. Slope and stability. — In this last short paragraph, one defines the notion of stability
for orbi-sheaves.
Definition 2.19 (Slope of orbi-sheaves). — Let X be a normal projective variety and
D a Q-effective divisor with an orbi-structure C in codimension one. Given an orbi-sheaf
FC we define its slope µP (FC) with respect to a nef divisor P on X by
µP (FC) =
1
rank(FC)
c1(FC) · [P ]
n−1.
Definition 2.20 (Stability of orbi-sheaves). — In the setting of Definition 2.19 assume
that the nef divisor P verifies Pn−1 6≡ 0. We say that a torsion free orbi-sheaf EC is semistable
with respect to P , if for every non-zero, torsion free orbi-subsheaf FC ⊂ EC we have
(2.4) µP (FC) 6 µP (EC),
In case of stability we require the inequality in (2.4) to be strict for any such subsheaf FC
with rank(FC) < rank(EC).
3. Behaviour of Chern classes and stability under change of orbi-structures
3.1. Invariance of semistability. — In this paragraph, we investigate how Chern classes
may change when the orbifold structure change. Provided that change of structure is com-
patible in a sense to be defined, we show that these numbers don’t change, and neither does
the semistability property for orbi-sheaves.
Definition 3.1 (Compatible orbi-sheaves). — Let (X,D) be a pair equipped with two
orbi-structures C1 = {(Uα, fα, Xα)}α∈I and C2 = {(Uβ, gβ , Yβ)}β∈J . Let Uαβ := Uα∩Uβ and
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Zαβ be the normalization of the fibre product Xα ×Uαβ Yβ with the resulting commutative
diagram:
Zαβ
gαβ
//
fαβ

Yβ
gβ

Xα
fα
// Uαβ.
We say that two reflexive orbi-sheaves FC1 and GC2 are compatible, if for each α and β,
the sheaf isomorphism (fαβ)
[∗](Fα) ∼= (gαβ)
[∗](Gβ) holds, as Gαβ-sheaves, where Gαβ :=
Gal(Zαβ/Uαβ) – remember that being Galois is stable under flat base change.
Example 3.2. — (Compatibility of orbi-cotangent sheaves) Let C1 and C2 be two
strict orbi-structures for a pair (X,D). Then the orbi-cotangent sheaves Ω
[1]
(C1,D)
and Ω
[1]
(C2,D)
are compatible.
In the next proposition, we show that as long as there exists one orbi-e´tale structure for
a pair (X,D), then the Chern classes are well-defined.
Proposition 3.3. — (Invariance of Chern classes for compatible orbi-sheaves)
Let X be a normal projective variety and D a Q-effective divisor such that (X,D) has a
set of smooth and strict orbi-structures J = {Ci} in codimension k > 1. Let {FCi} be a
collection of compatible locally free (or reflexive) sheaves. If J admits an e´tale orbi-structure
in codimension k = 1 (resp. k = 2), then the classes c1, c
2
1 (resp. c2) of FCi , as multilinear
forms on N1(X)n−1Q (resp. N
1(X)n−2Q ), are all equal.
Proof. — Let C1, C2 ∈ J . Assume that C2 is e´tale. It suffices to show that the desired Chern
classes for FC1 = {F
1
α}α and FC2 = {F
2
β}β coincide. Let X
◦ be the maximal open subset of
X over which C1 = {(U
◦
α, f
◦
α, X
◦
α)} and C2 = {(U
◦
β , g
◦
β, Y
◦
β )} are defined. Let U
◦
αβ := U
◦
α∩U
◦
β
and Z◦αβ be the normalization of the fibre product X
◦
α×U◦αβ Y
◦
β with the induced projections
gαβ : Z
◦
αβ → Y
◦
β and fαβ : Z
◦
αβ → X
◦
α. Let X̂
◦
C1
and Ŷ ◦C2 be the global Mumford covers
associated to C1 and C2, respectively (see the construction in Subsection 2.6.2) and set
G1 := Gal(X̂
◦
C1
/X◦) and G2 := Gal(Ŷ
◦
C2
/X◦). Let Ẑ◦ be the normalization of X in a Galois
field extension of C(X◦) containing all the function field extensions C(Z◦αβ) resulting in the
commutative diagram:
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Ẑ◦
g˜
//
f˜

**❯❯
❯
❯
❯
❯❯
❯
❯❯
❯
❯
❯❯
❯
❯
❯❯
❯
❯❯
❯
❯
❯❯
❯ Ŷ ◦C2

γ
Ŷ ◦
C2

Z◦αβ
gαβ
//
fαβ

hαβ
&&▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
Y ◦β
gβ

X̂◦C1
//
γ
X̂◦
C1
33X◦α
fα
// X◦
Notice that by construction, fαβ is e´tale in codimension one. As X
◦
α is smooth, the purity
of branch locus implies that fαβ is e´tale and thus Zαβ is smooth. As a result C1,2 =
{(U◦αβ, hαβ , Z
◦
αβ)} forms a smooth, orbi-structure.
The isomorphism (fαβ)
∗F 1α
∼= (gαβ)
∗F 2β then implies that the two locally-free sheaves
f˜∗(F̂C1) and g˜
∗(F̂C2) are isomorphic on Ẑ
◦ as GẐ◦ -sheaves, where GẐ◦ := Gal(Ẑ
◦/X◦). In
particular we have
c2(f˜
∗
F̂C1) = c2(g˜
∗
F̂C2) ∈
(
A2(Ẑ◦)
)G
Ẑ◦ ,
and similarly for c21 and c1. The proposition now follows from the isomorphism An−i(X
◦)⊗
Q ∼= Ai(Ẑ◦)GẐ◦ ⊗Q and the commutative diagram:
Ai(Ẑ◦)GẐ◦ ⊗Q //

Ai(Ŷ ◦C2 )
G2 ⊗Q

Ai(X̂◦C1)
G1 ⊗Q // An−i(X
◦)⊗Q.
Proposition 3.4. — (Independence of semistability for compatible orbi-
sheaves).
In the situation of Proposition 3.3, the orbi-sheaf FC1 is semistable with respect to a nef
divisor P ⊂ X, if and only if the orbi-sheaf GC2 is semistable with respect to P .
Proof. — Let C1, C2 and C1,2 be the three orbi-structures defined in the proof of Proposi-
tion 3.3. Now assume that FC1 is P -semistable and that GC2 is not semistable with respect
to P . Set Gαβ := Gal(Z
◦
αβ/U
◦
αβ). Then, the orbi-sheaf defined by g
∗
αβ(Gβ) is not semistable
with respect to P . That is, for every α and β there exists a saturated, Gαβ-subsheaf
Hαβ ⊂ f
[∗]
αβ(Fα) such that the associated reflexive orbi-sheaf HC1,2 destablizes GC2 with
respect to P . Now the the isomorphism g
[∗]
αβ(Gβ)
∼= f
[∗]
αβ(Fα) implies, thanks to [HL10,
Thm. 4.2.15], that each Hαβ descends to Xα, i.e. there is a reflexive subsheaf Hα ⊂ Fα on
Xα such that
f
[∗]
αβ(Hα)
∼= Hαβ .
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Let HC1 be the orbi-sheaf defined by {Hα}. As the two orbi-sheaves HC1,2 and HC1 are
compatible, it follows from Proposition 3.3 that HC1 destablizes FC1 , a contradiction.
3.2. The second Chern class of a pair (X,D). — In this section, we explain how to
define the second Chern class of a mildly singular pair (X,D).
Notation 2 (Orbi-Chern classes of pairs). — Let J = {Ci} be the collection of smooth,
strict, orbi-structures for a given pair (X,D). Assume that J contains an e´tale orbi-structure
so that c2(Ω
[1]
(Ci,D)
), c21(Ω
[1]
(Ci,D)
) are independent of the choice of i. We define c2(X,D) :=
c2(Ω
[1]
(Ci,D)
) and c21(X,D) := c
2
1(Ω
[1]
(Ci,D)
).
Thanks to Corollary 2.11, one can define without ambiguity the second Chern class of any
pair (X,D) that satisfies the assumptions of Theorem B. Indeed, the existence of smooth
covers make it possible to define the second Chern class while the orbi-e´talite´ of these covers
coupled with Proposition 3.3 guarantees that this definition is independent of the choice of
a smooth structure.
Example 3.5 (The log smooth reduced case). — If (X,D) is log smooth and D
is reduced, then one can check from residue exact sequence that c2(X,D) = c2(ΩX) +
KX ·D + c2(OD). If we write D =
∑
Di its decomposition into irreducible components,
then c2(OD) =
∑
iD
2
i +
∑
i<j Di·Dj = D
2 −
∑
i<j Di·Dj.
Example 3.6 (The general log smooth case). — If (X,D) is log smooth with coeffi-
cients in [0, 1] ∩Q and D =
∑
(1 − biai )Di is its decomposition into irreducible components,
then (X,D) admits a smooth orbi-e´tale structure (defined over the whole X). In particular,
one can define c1(X,D) and c2(X,D); let us check that one recovers the classical classes, cf
e.g. [Tia94].
Given a (local) orbi-e´tale cover f : Y → (X,D), we have an exact sequence
(3.1) 0 −→ Ω
[1]
(Y,f,D) −→ f
∗ΩX(log pDq) −→
⊕
i
ObiD˜i −→ 0
where D˜i is the reduced inverse image of Di and the sum runs over all indexes i such that
ai 6= +∞. It follows from the proof of [Mum83, Thm. 3.1] that the (n−1)-cycle associated
with c1(ObiD˜i) under the isomorphism (2.3) is given by
pi
qi
Di. Under that same isomorphism,
one gets
c1
(⊕
i
ObiD˜i
)
=
∑
i
bi
ai
Di
From the exact sequence
0 −→ OY (−biDi) −→ OY −→ ObiDi −→ 0
one gets that the (n− 2)-cycle associated with c2(ObiD˜i) is given by
(
bi
ai
)2
D2i and therefore
c2
(⊕
i
ObiD˜i
)
=
∑
i<j
bi
ai
bj
aj
Di·Dj +
∑
i
( bi
ai
)2
D2i
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The vector bundle in the middle of the exact sequence 3.1 is simply the differentials with loga-
rithmic pole along the whole divisor (this sheaf is already defined on X) so its Chern classes
can be computed downstairs, and from Example 3.5 above, one has c1(ΩX(log pDq)) =
c1(ΩX) + pDq and
c2(ΩX(log pDq)) = c2(ΩX) + c1(ΩX)·
∑
Di +
∑
i<j
Di·Dj +
∑
i
D2i
where in the previous sums, i runs over all indexes. Putting everything together we find
respectively:
c1(X,D) = c1(f
∗ΩX(log pDq)) − c1
(⊕
i
O
biD˜i
)
= c1(ΩX) + pDq−
∑
i
bi
ai
Di
= c1(ΩX) +D
and
c2(X,D) = c2(f
∗ΩX(log pDq)) − c2
(⊕
i
O
biD˜i
)
− c1(X,D)· c1
(⊕
i
O
biD˜i
)
= c2(ΩX) + c1(ΩX)·
∑
Di +
∑
i<j
Di·Dj +
∑
i
D
2
i −
∑
i<j
bi
ai
bj
aj
Di·Dj −
∑
i
(
bi
ai
)2
D
2
i − (c1(ΩX) +D)·
∑
i
bi
ai
Di
= c2(ΩX) + c1(ΩX)·D +
∑
i<j
(
1−
bi
ai
bj
aj
−
[(
1−
bj
aj
)
·
bi
ai
+
(
1−
bi
ai
)
·
bj
aj
])
Di·Dj +
∑
i
(
1−
(
bi
ai
)2
−
(
1−
bi
ai
)
·
bi
ai
)
D
2
i
= c2(ΩX) + c1(ΩX)·D +
∑
i<j
(
1−
bi
ai
)(
1−
bj
aj
)
Di·Dj +
∑
i
(
1−
bi
ai
)
D
2
i
The next example shows that unlike c1(X,D), the second Chern class c2(X,D) does not
only depend from the class of linear equivalence of D, so that one needs to be very careful
when one modifies the divisor:
Example 3.7. — Let X = P2, let x ∈ X , let π : Y = BlxX → X , and let E ⊂ Y the
exceptional divisor. Choose H1, H2 two hyperplanes such that x ∈ H1 and x /∈ H2. Let
us denote by H ′1 (resp. H
′
2) the strict transform of H1 (resp. H2) by π. Then one has
π∗H1 = H
′
1+E and π
∗H2 = H
′
2. As π
∗H2 and π
∗H1 are linearly equivalent, the formula in
Example 3.5 shows that c2(Y, π
∗H2)− c2(Y, π
∗H1) = H
′
1·E = 1.
3.3. Continuity of Chern numbers. — The following intuitive result shows that the
approximation procedure introduced in Proposition 2.14 will not affect the properties of
Chern classes. More precisely, let (X,Dm) be the klt pair from Proposition 2.14 with its
orbifold structure Cm in codimension 2 (which is not the obvious structure associated to
Dm = D +
1
mH). Then we have:
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Proposition 3.8. — (Continuity of orbifold intersection numbers). With the
notations of Proposition 2.14, the orbifold structure Cm for pair (X,Dm) satisfies:
lim
m→+∞
c1(X,Dm) = c1(X,D)
lim
m→+∞
c2(X,Dm) = c2(X,D)
as multilinear forms on N1(X)n−1Q and N
1(X)n−2Q , respectively.
Proof. — Recall that Dm = D +
1
mH , and as c1(Dm) = c1(KX + Dm) (see, for in-
stance, [CKT16, Cor. 3.9]), the first identity follows.
Now remember from (the proof) of Proposition 2.14 that the orbifold structure of
(X,Dm = D +
1
mH) comes from the decomposition:
Dm := (D − ⌊D⌋)︸ ︷︷ ︸
Dorb
+ (1−
1
m
) · ⌊D⌋ + (1 −
m− 1
m
) · A.
As A is very ample, one can assume that A is irreducible and not contained in any compo-
nent of D. Given an open subset U contained in the locus of definition of the structure Cm,
one can choose a first cover p : U ′ → U which is quasi-e´tale and satisfies that (U ′, p∗(Dm)red)
is log smooth. This follows from Proposition. 2.10 and Corollary 2.11. Then one chooses an
orbi-e´tale cover q′ : V ′ → U ′ with respect to (p∗D)orb. On V
′, the orbifold sheaf Ω
[1]
X,D has a
realization and thus admits Chern classes. So taking further covers and reflexive pull-back
of that sheaf will be compatible with computing Chern classes.
Now, choose a further cover q : V → V ′ that ramifies at order m along (the reduced
inverse image of) ⌊D⌋ and A. The composition f := q ◦ q′ ◦ p : V → U is orbi-e´tale with
respect to (X,Dm); let G := Gal(V/U). The associated G-sheaves on V will be denoted
by F and G . They admit the following description: F is the sheaf of differentials with
logarithmic poles along D′ := (f∗⌊D⌋)red and zeros of order m − 1 along A
′ := (f∗A)red;
G is the sheaf of differentials with zeros of order m − 2 along A′. As neither of these two
G-sheaves is a subsheaf of the other, we consider their intersection H := F ∩ G ; this is a
G-sheaf as well which is realized as the sheaf of differentials with zeros of order m− 1 along
A′. We have the following two exact sequences:
(3.2) 0 −→ H −→ F −→ OD′ −→ 0
and
(3.3) 0 −→ H −→ G −→ OA′ −→ 0
By flatness of the map from the global Mumford cover to V , exact sequences on V will pull
back, so we can argue on V . Moreover, as the stabilizer of D′ (resp. A′) under the G-action
has m elements, it follows from the proof of [Mum83, Thm. 3.1] that the (n − 1)-cycle
associated with c1(OD′) (resp. c1(OA′)) under the isomorphism (2.3) is given by
1
m⌊D⌋
(resp. 1mA). From the usual locally free resolution of OD′
0 −→ OV (−D
′) −→ OV −→ OD′ −→ 0
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it follows that c1(OV (D
′) (resp. c2(OD′)) corresponds to the (n− 1)-cycle
1
m⌊D⌋ (resp. the
(n− 2)-cycle 1m2 ⌊D⌋· ⌊D⌋) on U , and similarly with A
′.
It follows from the exact sequences (3.2)-(3.3) that
c2(F ) − c2(G ) = c1(H )· (c1(OD′)− c1(OA′)) + c2(OD′)− c2(OA′)
As c1(F ) correspond to the cycle KX +D on X , c1(H ) corresponds to the (n − 1)-cycle
KX + D −
1
m⌊D⌋. So eventually one gets that the (n − 2)-cycle on X corresponding to
c2(F ) − c2(G ) is given by:
1
m
(
(KX +D −
1
m
⌊D⌋)· (⌊D⌋ −A)
)
+
1
m2
(
⌊D⌋2 −A2
)
and we get the expected result by passing to the limit when m→ +∞.
4. Semistability of the orbifold tangent sheaf
4.1. Metrics with conic and cusp singularities. — Given numbers d1, . . . , dk ∈ (0, 1)
and a number k 6 p 6 n one can consider for D = {z ∈ C : |z| < 1} the following model
Ka¨hler metric on (D∗)p × Dn−p:
(4.1) ωmod =
k∑
j=1
idzj ∧ dz¯j
|zj |2(1−dj)
+
p∑
j=k+1
idzj ∧ dz¯j
|zj |2 log
2 |zj |2
+
∑
j>p
idzj ∧ dz¯j
The metric ωmod is called the standard metric with mixed conic and cusp singularities
along D :=
∑k
j=1(1 − dj)[zj = 0] +
∑p
j=k+1[zj = 0]. It has cone singularities with cone
angles 2πdj along [zj = 0] for 1 6 j 6 k and cusp singularities along [zj = 0] for k+1 6 j 6 p.
Now, if X is a Ka¨hler manifold and D =
∑
i diDi a divisor with simple normal crossings
support and coefficients di ∈ [0, 1], one says that a Ka¨hler metric ω on X r supp(D) has
mixed conic and cusp singularities along D if for any x ∈ X and any open set Ω ∋ x endowed
with local holomorphic coordinates (z1, . . . , zn) such that the pair (Ω, D) is isomorphic to
((D∗)p ×Dn−p,
∑k
j=1(1− dj)[zj = 0] +
∑p
j=k+1[zj = 0]), there exists a constant C > 0 such
that under that isomorphism, one has
C−1ωmod 6 ω 6 Cωmod
on Ωr supp(D).
Given a compact Ka¨hler manifold X and a divisor D =
∑p
j=1 djDj with coefficients
dj ∈ [0, 1] and simple normal crossings support, it is easy to give examples of such metrics.
Moreover, if the real cohomology class c1(KX+D) ∈ H
2(X,R) is assumed to be Ka¨hler (that
is, it contains a Ka¨hler metric) then there exists a unique Ka¨hler metric ω on X r supp(D)
with mixed conic and cusp singularities along D such that Ricω = −ω. This is the content
STABILITY AND MIYAOKA-YAU INEQUALITY 19
of [Gue14], [GP16, Thm. 6.3]. More precisely, it is shown there that any (weak) solution
ωX + dd
cϕ of a Monge-Ampe`re equation of the type
(ωX + dd
cϕ)n =
eϕ+F∏p
j=1 |σj |
2(1−dj)
ωnX
has mixed conic and cusp singularities along D. Here, ωX is a reference Ka¨hler form on X ,
F ∈ C∞(X), and σj is the canonical section of Dj , measured with respect to an arbitrary
smooth hermitian metric |· | on OX(Dj) and ϕ ∈ E(X,ωX) is the unknown function, cf
[GZ07] for the definition of the latter functional space.
Let us conclude this section by explaining how the model metric ωmod from (4.1)
pulls-back to ramified covers along D when D has fractional coefficients. More pre-
cisely, if one writes dj = 1 − bj/aj and if γ : D
n → Dn is defined by γ(w1, . . . , wn) =
(wa11 , . . . , w
ak
k , wk+1, . . . , wn), then
γ∗ωmod =
k∑
j=1
|zj |
2(bj−1)idzj ∧ dz¯j +
p∑
j=k+1
idzj ∧ dz¯j
|zj|2 log
2 |zj|2
+
∑
j>p
idzj ∧ dz¯j
In particular, in the case where D has standard coefficients (that is, bj = 1) and ⌊D⌋ = 0,
γ∗ωmod is equal to the euclidian metric. One sometimes say that in that case, ωmod is smooth
in the orbifold sense.
In general though, γ∗ωmod will have zeros (and not poles anymore) along
∑k
j=1(1−dj)[zj =
0]. A useful observation is that γ∗ωmod induces a continuous hermitian semipositive metric
on the trivial vector bundle on Dn generated by
z1−b11
∂
∂z1
, . . . , z1−bkk
∂
∂zk
, zk+1
∂
∂zk+1
, . . . , zp
∂
∂zp
,
∂
∂zp+1
, . . . ,
∂
∂zn
which is degenerate precisely along γ∗⌊D⌋.
Note that one has a similar phenomenon if instead of choosing this very particular cover, one
chooses a cover of the form w 7→ (wN1 , . . . , w
N
k , wk+1, . . . , wn) where N is divisible by any
of the aj ’s. In that case, the pull-back of ωmod by γ is equal to
∑k
j=1 |zj |
2(Nbj/aj−1)idzj ∧
dz¯j +
∑p
j=k+1
idzj∧dz¯j
|zj |2 log2 |zj|2
+
∑
j>p idzj ∧ dz¯j .
4.2. Setting. — Let (X,D) be a n-dimensional projective log canonical pair. Let us set as
beforeD =
∑r
i=1(1−
bi
ai
)Di for some positive integers ai, bi satisfying bi < ai and (ai, bi) = 1.
One allows the possibility ai = +∞. One considers a strong log resolution π : X˜ → X of the
pair (X,D); one can write π∗D = D˜ + (exc. div.) where D˜ =
∑
(1 − bi/ai)D˜i is the strict
transform of D. One has:
(4.2) KX˜ + D˜ = π
∗(KX +D) + E
where E =
∑
cjEj is a π-exceptional divisor with coefficients cj > −1. Finally, let us
set N = lcm{ai, 1 6 i 6 r} and choose a sufficiently ample divisor H on X˜; Kawamata’s
construction allows us to get a cover adapted to (X˜, D˜). More precisely, one can find is a
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finite morphism γ : Y˜ → X˜ which is a ramified Galois cover of group G and it satisfies the
following properties:
1. γ is e´tale over the complement of
∑
ai<+∞
D˜i +H ;
2. The support of γ∗(D˜ +H) has simple normal crossings
3. Near any point y0 ∈ Y˜ , there exist a G-invariant open set Ω0 ∋ y0, a system of co-
ordinates (wk) centered at y0, a system of coordinates (zk) near γ(y0) and an integer
p = p(y0) such that with respect to these coordinates, the map γ can be locally expressed
as
γ(w1, . . . , wn) = (w
N
1 , . . . , w
N
p , wp+1, . . . , wn)
where for each 1 6 k 6 p, (zk = 0) is a local equation (near γ(y0)) of one of the
components of
∑
ai<+∞
D˜i +H .
Note that we have chosen that particular cover (with equal ramification index along all the
divisors) only to simplify the notations, as any smooth adapted cover would have worked
for what follows. Let us set
D′ = γ∗D˜ =
∑
ai<+∞
(
N −
Nbi
ai
)
·Di +
∑
ai=+∞
Di
and γ∗H = NH ′. With these notations, the divisors Di’s and H are reduced. With
these notations, the ramification divisor of γ becomes (N − 1)
∑
D′i + (N − 1)H
′. By the
ramification formula, one gets:
KY˜ +
∑(
1−
Nbi
ai
)
D′i = γ
∗
(
KX˜ + D˜ +
(
1−
1
N
)
H
)
or equivalently
KY˜ +
∑(
1−
Nbi
ai
)
D′i + (1 −N)H
′ − γ∗E = γ∗π∗ (KX +D)
To lighten notation, let us set B =
∑
diBi where Bi is either one ot the divisors D
′
i in
which case di := 1 − Nbi/ai or Bi = H
′ in which case di := 1 − N . One gets a divisor
B with integral coefficients and simple normal crossings support which satisfies KY˜ + B =
γ∗π∗ (KX +D) + γ
∗E. Note that neither B nor −B is effective in general (unless either
⌈D⌉ = 0 in which case B 6 0 or D is reduced in which case γ = IdX˜ and B = D˜ > 0). On Y˜ ,
the orbifold tangent sheaf of the pair (X,D), formerly denoted T(X˜,γ,D) coincides with (the
sheaf of sections of) the vector bundle TY˜ (− logB) defined as the locally free OY˜ -module
generated by
zd11
∂
∂z1
, . . . , zdpp
∂
∂zp
,
∂
∂zp+1
, . . . ,
∂
∂zn
whenever B is locally given by (zd11 · · · z
dp
p = 0) – up to relabelling the coefficients di. In the
following, one denotes by TY˜ (− logB) the associated locally free sheaf on Y˜ .
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4.3. The semistability theorem. —
Theorem 4.1 (Semistability of orbi-tangent sheaves). — In the setting 4.2, assume
that KX + D is nef and big. Then T(X˜,γ,D) is semistable with respect to π
∗(KX + D).
Equivalently, the vector bundle TY˜ (− logB) is semistable with respect to γ
∗π∗ (KX +D).
Remark 4.2. — In the course of the proof, we actually do not use the bigness assumption.
However, semistability with respect to an arbitrary nef class is not a very meaningful notion.
Proof. — Let σi (resp. tj) a section of OX(D˜i) (resp. OX(Ej) cutting out D˜i (resp.
Ej). One chooses smooth hermitian metrics hi (resp. hj) on these bundles and a Ka¨h-
ler form ωX˜ on X˜. Finally, let ωX ∈ c1(KX + D) be a smooth form (not necessarily
semipositive). Because of (4.2), there exists a smooth volume form dV on X˜ such that
−Ric (dV ) +
∑
i(1−
bi
ai
)Θhi(D˜i) = π
∗ωX +
∑
j cjΘhj (Ej).
For t > 0, the cohomology class {pi∗ωX + tωX˜} is Ka¨hler; therefore, one can solve for any
ε > 0 the following Monge-Ampe`re equation:
(4.3) (π∗ωX + tωX˜ + dd
cϕt,ε)
n =
∏
(|tj |
2 + ε2)cj(1−t)eϕt,εdV∏
|σi|
2
(
1−
bi
ai
)
and obtain a Ka¨hler current ωt,ε := π
∗ωX + tωX˜ + dd
cϕt,ε that is smooth outside Supp(D˜)
and has mixed conic and cusp singularities along D˜ – with cone angles 2πbiai along D˜i if
ai < +∞, or cusp singularities along D˜i otherwise. This follows from [GP16, Thm 6.3], as
explained in §4.1.
Moreover, ωt,ε is an approximation of the Ka¨hler-Einstein metric in the sense that:
(4.4) Ricωt,ε = −ωt,ε + tωX˜ − ((1− t)Θε + tΘ(E)) + [D˜]
where Θε :=
∑
j cj
(
ε2|D′tj |
2
(|tj|2+ε2)2
+
ε2Θhj (Ej)
|tj |2+ε2
)
is an approximation of [E], the current of
integration along E and Θ(E) :=
∑
j cjΘhj(Ej). The reason we change cj into (1 − t)cj is
to prevent ϕt,ε to get unbounded along
∑
cj=−1
Ej when ε → 0, t > 0 being fixed. Pulling
back ωt,ε by γ, one gets a positive current γ
∗ωt,ε which satisfies:
1. γ∗ωt,ε is smooth outside Supp(D
′ +H ′) = Supp(B).
2. γ∗ωt,ε has cone angles
2πNpi
qi
along D′i (if qi < +∞) and 2πN along H
′; and γ∗ωt,ε has
cusp singularities along ⌈D′⌉.
3. Ric (γ∗ωt,ε) = −γ
∗ωt,ε + tγ
∗ωX˜ − (1− t)γ
∗Θε − tγ
∗Θ(E)− [B].
This is a consequence of the third property of the Kawamata cover γ recalled above, cf
last paragraph of §4.1. Let us recall what Item 2 means. Denoting D′− (resp. D
′
+) the
union of components of D′ with negative (resp. positive) coefficients and choosing a chart
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Ω ⊂ Y˜ along with local coordinates (z1, . . . , zn) for which D
′
− ∪ H
′ = (z1 · · · zp = 0) and
D′+ = (zp+1 · · · zr = 0), then γt,ε is quasi-isometric (on Ω) to the model metric below:
(4.5)
p∑
k=1
|zk|
−2dkidzk ∧ dz¯k +
r∑
k=p+1
idzk ∧ dz¯k
|zk|2 log
2 1
|zk|2
+
n∑
k=r+1
idzk ∧ dz¯k
Recall that for 1 6 k 6 p one has dk 6 0 so that the model metric above has zeros along
D′− ∪H and ”poles” along D
′
+.
From now on, one will set ω := γ∗ωt,ε. Because of 1-3, ω induces a bounded hermitian
metric on TY˜ (− logB) which is smooth outside Supp(B). The strategy is to use this metric
to derive the semistability property of the bundle; it is inspired from [CP14] and [Gue16].
If F is a reflexive subsheaf of TY˜ (− logB) or rank p, then it induces a generically injective
map of sheaves (ΛpF )∗∗ −→ ΛpTY˜ (− logB). Setting L := (Λ
pF )∗∗ to be the determinant
of F , one gets a non-zero section u of ΛpTY˜ (− logB)⊗ L
−1. As ω is smooth (and Ka¨hler)
outside Supp(B), it induces a smooth hermitian metric h on the vector bundle TY˜ (− logB)
on that locus. Let us choose some fixed smooth metric hL on L. This enables one to
compute the squared norm |u|2 of the section u with respect to h⊗ h−1L ; this is a bounded
function on Y˜ . In order to apply the vector bundle version of Lelong-Poincare´ formula to
ddc log |u2|h⊗h−1
L
, one needs some additional regularization processes.
First, as |u|2 may not be smooth along Supp(B), one introduces (χη)η>0 a family of
cut-off functions for Supp(B); one can arrange that the L1 norm of ddcχη (computed with
respect a smooth metric on Y˜ ) tends to zero when η → 0, cf e.g. [CGP13, §9]. Then to
prevent log |u|2 from being unbounded (below), one chooses a constant λ > 0, and evaluate
the smooth quantity (outside Supp(B)):
(4.6)
ddc log(|u|2+λ2) =
1
|u|2 + λ2
(
|D′u|2 −
|〈D′u, u〉|2
|u|2 + λ2
− 〈Θh⊗h−1
L
(ΛpTY˜ (− logB)⊗ L
−1)u, u〉
)
Here, D′ is the (1, 0)-part of the Chern connection of h ⊗ h−1L and for a (vector-valued)
(1, 0)-form α, one uses the notation |α|2 := α ∧ α¯. Outside the support of B, one can
identify TY˜ (− logB) with TY˜ ; moreover, one will identify in the following Θh(Λ
pTY˜ ) with
Θh(Λ
pTY˜ )⊗ IdL−1 . Finally, as |〈D
′u, u〉|2 6 |D′u|2· |u|2, one deduces from the equality (4.6)
above:
(4.7) ddc log(|u|2 + λ2) >
|u|2
|u|2 + λ2
(
ΘhL(L)−
〈Θh(Λ
pTY˜ )u, u〉
|u|2
)
Wedge inequality (4.7) with χη ω
n−1 and integrate on Y˜ :
(4.8) −
∫
Y˜
log(|u|2+λ2) ddcχη∧ω
n−1 >
∫
Y˜
χη|u|
2
|u|2 + λ2
(
ΘhL(L)−
〈Θh(Λ
pTY˜ )u, u〉
|u|2
)
∧ωn−1
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Recall that t, ε being fixed, ω is equivalent to the model metric given in (4.5). In
particular, it follows that ±ddcχη ∧ ω
n−1 is uniformly dominated by the volume form of
a metric with cusp singularities along Supp(B) – whose mass is finite. As χη converges
smoothly to zero outside Supp(B), Lebesgue’s dominated convergence theorem shows that
the left hand side converges to 0 when η tends to 0, λ > 0 being fixed. By the same token,
the first integral in the right hand side converges to
∫
Y˜
ΘhL(L) ∧ ω
n−1 when η, λ approach
zero. As the potentials of ω have finite energy (cf [Gue14, Prop. 2.3]), this integral is
nothing but the intersection number L· {ω}n−1 = c1(F )·
(
γ∗π∗(KX +D) + tγ
∗{ωX˜}
)
. So
one is left to estimating the second integral in the right hand side.
By the symmetries of the curvature tensor, one has the following identity (outside
Supp(B)): nΘω(TY˜ ) ∧ ω
n−1 = (♯Ricω)ωn where ♯ : Ω0,1
Y˜
→ T 1,0
Y˜
is the standard isomor-
phism induced by ω which extends to an operator Ω1,1
Y˜
→ End(TY˜ ). As a result,
nΘh(Λ
pTY˜ ) ∧ ω
n−1 = (♯Ricω)∧p ωn
where for any endomorphism f of an n-dimensional vector space V , one defines
f∧p : ΛpV → ΛpV by f∧p(v1∧. . .∧vp) :=
∑p
k=1 v1∧. . .∧vk−1∧f(vk)∧vk+1∧. . .∧vn. These
two operations preserve positivity (of (1, 1) forms and hermitian endomorphisms respec-
tively). Moreover, it is easily checked that for any (1, 1)-form α, one has trEnd(♯α) = trωα,
and if f is any positive semidefinite endomorphism of V , then trEnd(f
∧p) 6
(
n
p
)
trEnd(f).
Thanks to item (iii) in the properties of ω = γ∗ωt,ε one sees that outside Supp(B),
(♯Ricω)∧p = −pIdΛpT
Y˜
+ t♯γ∗(ωX˜)
∧p − (1 − t)(♯γ∗Θε)
∧p − t♯γ∗(Θ(E))∧p
Let ωY˜ be a reference Ka¨hler form on Y˜ ; there exists C > 0 such that 0 6 γ
∗ωX˜ 6 CωY˜ ,
and therefore
(4.9) trEnd(γ
∗ωX˜)
∧p ωn 6 nC
(
n
p
)
ωY˜ ∧ ω
n−1
As a consequence,
∫
Y˜
〈t(♯γ∗ω
X˜
)∧pu,u〉
|u|2 ·ω
n 6 tC′
∫
Y˜
ωY˜ ∧ ω
n−1 which is independent of ε and
tends to zero when t goes to zero. The same argument shows that
∫
Y˜
〈t(♯γ∗Θ(E))∧pu,u〉
|u|2 ·ω
n
converges to zero when ε and then t approach zero.
Furthermore, γ is generically unramified along Supp(E) hence γ∗E has simple normal
crossings support and γ∗Θε is a standard approximation of the current of integration along
γ∗E. Write γ∗E =
∑
cjE
′
j ; then γ
∗Θε =
∑
cj(αj,ε+βj,ε) with αj,ε =
ε2
(|t′
j
|2+ε2)2 · |D
′t′j |
2 and
βj,ε =
ε2
|t′
j
|2+ε2 · γ
∗Θhj (Ej) where t
′
j = γ
∗tj . Until the end of this paragraph, one will drop
the indexes j and ε to lighten notation. One needs to evaluate the quantity (♯(α+ β))∧pωn.
The term (♯α)∧pωn is positive and dominated by n
(
n
p
)
IdΛpT
Y˜
·α∧ωn−1. The term (♯β)∧pωn
24 HENRI GUENANCIA & BEHROUZ TAJI
is dominated (in norm) by Cε
2
|t′|2+ε2 · IdΛpTY˜ · γ
∗ωX˜ ∧ ω
n−1. Therefore,∣∣∣∣ 〈♯(α+ β))∧pu, u〉|u|2
∣∣∣∣ωn 6 Cα ∧ ωn−1 + Cε2|t′|2 + ε2 · γ∗ωX˜ ∧ ωn−1
= C(α + β) ∧ ωn−1 − Cβ ∧ ωn−1 +
Cε2
|t′|2 + ε2
· γ∗ωX˜ ∧ ω
n−1
6 C(α + β) ∧ ωn−1 +
C′ε2
|t′|2 + ε2
· γ∗ωX˜ ∧ ω
n−1
so that:∫
Y˜
∣∣∣∣〈(♯γ∗Θε)∧pu, u〉|u|2 ∧ ωn−1
∣∣∣∣ 6 C
∫
Y˜
γ∗Θε ∧ ω
n−1 + C
∑
j
∫
Y˜
ε2
|t′j |
2 + ε2
· γ∗ωX˜ ∧ ω
n−1
As E is π-exceptional, the first integral on the right hand side equals tE· {ωX˜}; in
particular, it does not depend on ε and converges to 0 when t → 0. The term equals
C|G|
∑
j
∫
X˜
ε2
|tj |2+ε2
·ωX˜ ∧ ω
n−1
t,ε which converges to zero by Lemma 4.3 stated at the end of
this proof.
Putting everything together, one obtains:
∫
Y˜
χη|u|
2
|u|2 + λ2
〈Θh(Λ
pTY˜ )u, u〉
|u|2
∧ ωn−1 = I1 + I2 + I3
where:
I1 = −
p
n
∫
Y˜
χη|u|
2
|u|2 + λ2
ωn, I2 =
t
n
∫
Y˜
χη|u|
2
|u|2 + λ2
〈(♯γ∗(ωX˜ −Θ(E)))
∧pu, u〉
|u|2
∧ ωn−1
and
I3 = −
1− t
n
∫
Y˜
χη|u|
2
|u|2 + λ2
〈(♯γ∗Θε)
∧pu, u〉
|u|2
∧ ωn−1
We claim that I2 and I3 converge to zero when ε, t go to 0, say for η = λ = 0. More
precisely, one can dominate pointwise the absolute value of the integrands of I2 and I3 by an
(n, n)-form αt,ε independent of both η > 0 and λ > 0 that satisfies limt→0 limε→0
∫
Y˜
αt,ε =
0. Dominated convergence enables to first pass to the limit when, in that order: η, λ, ε, t
converge to zero.
Moreover, dominated convergence show that I1 converges to −
p
n
∫
Y˜
ωn when η, λ converge
to 0. As the potentials of ω have finite energy, this integral is nothing but − pn{ω}
n and this
quantity (depending on t only) converges to − pn ([γ
∗π∗(KX +D)]
n) when t→ 0. Combining
this with (4.8), one finds:
n c1(F )· [γ
∗π∗(KX +D)]
n−1 6 −p ([γ∗π∗(KX +D)]
n)
Now the determinant of the dual of TY˜ (− logB) is KY˜ + B = γ
∗π∗(KD + D) + γ
∗E. As
E is π-exceptional, the intersection of c1(TY˜ (− logB)) with [γ
∗π∗(KX +D)]
n−1 is precisely
−([γ∗π∗(KX +D)]
n), hence semistability of TY˜ (− logB) follows.
In the course of the proof above, we used the following result:
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Lemma 4.3. — The positive current ωt,ε solution of the Monge-Ampe`re equation (4.3)
satisfies, for each fixed t > 0 and each index j:
lim
ε→0
∫
X˜
ε2
|tj |2 + ε2
ωX˜ ∧ ω
n−1
t,ε = 0
Remark 4.4. — Note that because the potentials of ωt,ε are unbounded, one cannot di-
rectly use an argument based on Chern-Levine-Nirenberg inequality. Moreover, because of
the conic part in (4.3), one cannot reproduce the arguments of [Gue16, Lem. 2.1] based
on [Gue16, Prop. 1.1] as it would involve (among other things) having at hand a model
conic/cusp metric with bisectional curvature bounded above and, as far as we know, such a
metric has not yet been proved to exist.
Proof. — Let Vε := {|tj |
2 < ε}. One has∫
X˜rVε
ε2
|tj |2 + ε2
ωX˜ ∧ ω
n−1
t,ε 6 ε
∫
X˜
ωX˜ ∧ ω
n−1
t,ε
and this quantity is dominated by ε{ωX˜}· {ωt,ε}
n−1 which obviously converges to zero.
Here we have used that because the potentials of ωt,ε have finite energy, the mass of the
(mixed) Monge-Ampe`re products of ωt,ε is computed in cohomology. We are left to prove
the following:
(4.10) lim
ε→0
∫
Vε
ωX˜ ∧ ω
n−1
t,ε = 0
The first observation is that thanks to [GW16, Thm. A], the potentials ϕt,ε of ωt,ε satisfy
(4.11) ϕt,ε =
∑
ai=+∞
− log log2 |σi|
2 +Rt,ε
where supX˜ |Rt,ε| 6 Ct for some constant Ct > 0 independent of ε. Moreover, one has
uniform Ck estimates for ϕt,ε on any compact subset of X˜ r supp(D + E); therefore any
weak limit ψt of ϕt,ε (when ε approaches 0) satisfies:
• ψt is smooth on X˜ r supp(D + E), and satisfies the following equation on that locus:
(4.12) (π∗ωX + tωX˜ + dd
cψt)
n =
∏
|tj |
2cj(1−t)eψtdV∏
|σi|
2
(
1−
bi
ai
)
• supX˜
∣∣ψt −∑ai=+∞− log log2 |σi|2∣∣ < +∞
It follows from the second point and [Gue14, Prop. 2.3] that ψt has finite energy with
respect to any Ka¨hler form ω such that ω + ddcψt > 0. In particular, the equation (4.12)
is satisfied on the whole X˜ (as the Monge-Ampe`re of ψt puts no mass on pluripolar sets).
As (4.12) admits a unique solution (by comparison principle, cf [BG14, Prop. 4.1]), all
sub-limits of (ϕt,ε)ε>0 when ε → 0 agree, and in particular ϕt,ε converges (weakly) to the
solution ϕt of (4.12). We want to show that the convergence is actually strong. For that
purpose, one observes that the quantity
I(ϕt, ϕt,ε) :=
∫
X˜
(ϕt − ϕt,ε)(MA(ϕt,ε)−MA(ϕt))
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converges to zero when ε→ 0 thanks to Lebesgue dominated convergence theorem (by (4.11),
ϕt − ϕt,ε is uniformly bounded). By [BBE
+11, Prop. 2.3], this implies that ϕt,ε converges
strongly to ϕt. In particular, the measures (ωX˜ + ωϕt,ε)
n = (ωX˜ + π
∗ωX + tωX˜ + dd
cϕε,t)
n
converge weakly to the non-pluripolar measure (ωX˜ + ωϕt)
n when ε→ 0, t > 0 being fixed.
Now, assume that (4.10) does not hold. As (ωX˜ + ωϕt,ε)
n > ωX˜ ∧ ω
n−1
ϕt,ε , this would imply
that
lim sup
ε→0
∫
Vε
(ωX˜ + ωϕt,ε)
n > 0
In particular, denoting Mt := {ωX˜ + π
∗ωX + tωX˜}
n, one could find δ > 0 and a sequence
(εk)k>0 converging to 0 such that for any k > 0:∫
X˜rVεk
(ωX˜ + ωϕt,εk )
n 6 Mt − δ
In particular, given k0 > 0, one would have for any k > k0:∫
X˜rVεk0
(ωX˜ + ωϕt,εk )
n
6Mt − δ
As weak convergence of measures does not increase the mass, one would find:∫
X˜rVεk0
(ωX˜ + ωϕt)
n 6 Mt − δ
As this holds for any k0 > 0, one deduces:∫
X˜r{tj=0}
(ωX˜ + ωϕt)
n 6Mt − δ
which contradicts the fact that ϕt has finite energy with respect to (1 + t)ωX˜ + π
∗ωX .
Therefore (4.10) is proved, and the lemma follows.
4.4. Proof of Theorem C. — Let f : Y → (X,D =
∑
di · Di) be a strictly adapted
morphism (note that Y is not necessarily lc) and π : X˜ → X a strong log-resolution for the
pair (X,D). Set D˜ to be the birational transform of D. Let Ŷ be the irreducible component
of the normalization of (Y ×X X˜) inducing surjective morphisms π̂ : Ŷ → Y , f̂ : Ŷ → X˜
and the corresponding commutative diagram:
Ŷ
f̂
//
π̂

X˜
π

Y
f
// X.
Note that as π is a projective birational morphism, the finite morphism f̂ : Ŷ → X˜ is Galois.
Let γ : Y˜ → (X˜, D˜) be an adapted morphism such that the two orbi-cotangent sheaves
Ω1
(C˜,D˜)
and Ω
[1]
(Ĉ,D˜)
with respect to, respectively, the two orbi-structures C˜ := {(X˜, γ, Y˜ )},
Ĉ := {(X˜, f̂ , Y˜ )} are compatible.
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Ŷ
f̂
// X˜ Y˜
γ
oo
Note that existence of such C˜ is guaranteed by choosing γ to be an adapted morphism such
that for each i, there exists a Weil divisor Bi ⊂ Y˜ satisfying the equality γ
∗(D˜i) = ai · Bi,
where f̂∗(D˜i) = ai ·B
′
i for some Weil divisor B
′
i ⊂ Ŷ .
Now, according to Theorem 4.1 we know that the Ω
[1]
(C˜,D˜)
is semistable with respect to
π∗(KX + D). Therefore, by Proposition 3.4, so is Ω
[1]
(Ĉ,D˜)
. It thus follows that Ω
[1]
(Y,f,D) is
semistable with respect to (KX + D). Otherwise, there exists a reflexive subsheaf F ⊂
Ω
[1]
(Y,f,D) such that
µ(f∗(KX+D))(F ) > µ(f∗(KX+D))(Ω
[1]
(Y,f,D)).
But then the subsheaf F̂ ⊂ Ω
[1]
(Ŷ ,f̂,D)
defined by
F̂ := (π̂∗F ) ∩Ω
[1]
(Y,f̂ ,D)
,
which verifies the equality µ(π̂∗(KX+D))(F̂ ) = µ(f∗(KX+D))(F ), destabilizes Ω
[1]
(Ŷ ,f̂D˜)
; a con-
tradiction.
5. Orbifold Miyaoka-Yau inequality for minimal pairs
Proof of Theorem B. Let H be the ample divisor in Proposition 2.14 and set Cm =
{(Xαm , fαm , Uαm)} to be the smooth, orbi-structure for the klt pair (X,Dm) in codimen-
sion two.
Let fm : Ym → (X,Dm) be a strict adapted morphism. By Theorem C, the sheaf
Ω
[1]
(Ym,fm,Dm)
is semistable with respect to KX + Dm. Now, according to Flenner’s re-
striction theorem ([Fle84]) for sufficiently large, positive integer am, there is a complete
intersection curve Cm := D1∩ . . .∩Dn−1, where Di are general members of |am ·(KX+Dm)|
such that (Ω
[1]
(Ym,fm,Dm)
|CYm ) is semistable, where CYm := f
−1
m (Cm). By Proposition 3.4 it
follows that (Ω
[1]
(Ym,fm,Dm)
|Cm) is also semistable. In particular the restriction Ω
[1]
(Cm,Dm)
|Sm
is semistable, for Sm := D1 ∩ . . . ∩Dn−2.
Step. 1. Construction of an orbi-Higgs stable sheaf.
Define the orbi-Higgs sheaf by ECm := Ω
[1]
(Cm,Dm)
⊕OCm together with the canonically defined
Higgs map defined by the isomorphism:
θCm : Ω
[1]
(Cm,Dm)
→ OCm ⊗ Ω
[1]
(Cm,Dm)
,
where OCm is the orbi-sheaf defined by {OXαm}αm .
Now, consider the restriction ECSm = Ω
[1]
(Cm,Dm)
|Sm , where CSm denotes the restriction of
the orbi-structure Cm to Sm, with the Higgs field θCSm defined by
θCSm = θCm |Sm : Ω
[1]
(Cm,Dm)
|Sm → OCSm ⊗
(
Ω
[1]
(Cm,Dm)
)
|Sm → OCSm ⊗ Ω
1
CSm
.
28 HENRI GUENANCIA & BEHROUZ TAJI
Claim 2. — The locally free orbi-Higgs sheaf (ECSm , θCSm ) is Higgs stable with respect to
(KX +Dm)|Sm .
Proof of Claim 2. Let FCSm ⊂ ECSm be an orbi-Higgs subsheaf. As there are no subsheaves
of (Ω
[1]
(CSm ,Dm)
)|Sm that are invariant under the Higgs operator θCSm , the orbi-sheaf FCSm
must have a non-trivial projection onto a subsheaf LCSm of OCSm . Let
(5.1) 0 // GCSm
// FCSm
// LCSm
// 0
be the resulting exact sequence of orbi-sheaves, where GCSm is the reflexive subsheaf of
Ω
[1]
(CSm ,Dm)
. The rest of our arguments are now very similar to those in [GKPT15, §7].
From (5.1) and the inclusion LCSm ⊂ OCSm it follows that
(5.2) c1(FCSm ) 6 c1(GCSm ).
Let r := rank(FCm). By dividing the two sides of 5.2 by (r − 1) we find that
µ(FCSm ) = µ(GCSm ) ·
r − 1
r
6
1
n
((KX +Dm)|Sm)
2 ·
r − 1
r
<
1
n+ 1
((KX +Dm)|Sm)
2
= µ
(
Ω1(CSm ,Dm) ⊕OCSm
)
,
as required.
Step. 2. The Miyaoka-Yau inequality.
Let γm : Ŝm → Sm be the global Mumford cover associated to the orbi-structure CSm on
Sm and Gm := Gal(Ŝm/Sm). As (ECSm , θCSm ) is Higgs stable, it follows that the locally free
Higgs sheaf (ÊCSm , θ̂CSm ) on Ŝm with
θ̂CSm : ÊCSm → ÊCSm ⊗Wm,
where by construction Wm ⊂ Ω
[1]
Ŝm
is a locally free subsheaf. Set HSm := (KX +Dm)|S and
ĤSm := (γm)
∗(HSm).
Claim 3. — For an equivariant resolution πm : S˜m → Ŝm, there exists an ample divisor
H˜m ⊂ S˜m such that the locally free Higgs sheaf
(E˜CSm , θ˜CSm ) := (πm)
∗(ÊCSm , θ̂CSm )
is Higgs Gm-stable with respect to H˜m, that is for every Higgs, Gm-subsheaf F˜CSm we have
µH˜m(F˜CSm ) < µH˜m(E˜CSm ).
Proof of Claim 3. First we notice that from the orbi-Higgs stability of (ECSm , θCSm ) it follows
that the locally free Higgs sheaf (ÊCSm , θ̂CSm ) is Gm-stable, i.e.
(5.3) µĤm(F̂CSm ) < µĤm(ÊCSm ).
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This is because, every such subsheaf descends to an orbi-Higgs subsheaf (FCSm , θCSm ) ⊂
(ECSm , θCSm ), i.e. F̂CSm = q
[∗]
αm(FCSm ), cf. [HL10, Thm. 4.2.15]. Here, the morphism
qαm : Ŝαm → Sαm factors γm:
ŜCm Sm
Ŝαm Sαm Vαm ,
γ
qαm pαm
as defined in Subsection 2.6.2. Therefore the orbi-satbility of (ECSm , θCSm ) ensures that
Inequality 5.3 holds. As a result, the pull-back Higgs bundle (E˜CSm , θ˜CSm ) is Gm-stable with
respect to π∗Ĥm.
Now, let E be an effective exceptional divisor that is relatively anti-ample. As stability
is an open condition, for any sufficiently small ε ∈ Q+ we can guarantee that H˜m :=
(π∗Hm − ε · E) is ample and that (E˜CSm , θ˜CSm ) is Higgs stable with respect H˜m. This
finishes the proof of Claim 3.
From the original result of Simpson on the existence of HYM metrics, cf. [Sim92], it thus
follows that ÊCSm verifies the Bogomolov-Gieseker inequality, and thus the inequality
(5.4)
(
2(n+ 1) · c2(Ω
[1]
(Cm,Dm)
)− n · c21(Ω
[1]
(Cm,Dm)
)
)
· (KX +D +
1
m
·H)n−2 > 0
holds for all m > 2. The inequality in Theorem A. now immediately follows from (5.4) by
taking the limit m→∞, using the continuity property in Proposition 3.8. This finishes the
proof of Theorem B, cases (i)-(ii).
For Theorem B, case (iii) notice that the proof above only uses the existence of a smooth
orbi-e´tale structure in codimension two for (X,D) as well as for (X,Dm). Both of these
conditions are satisfied for a log smooth lc pair (X,D). In particular, in view of Example 3.6,
one has for any log smooth lc pair (X,D) with KX +D nef and big, say:(
2(n+ 1) · c2(X,D)− n · c
2
1(X,D)
)
· (KX +D)
n−2 > 0
where c2(X,D) = c2(ΩX) + c1(ΩX)·D +
∑
i<j
(
1− biai
)(
1−
bj
aj
)
Di·Dj +
∑
i
(
1− biai
)
D2i .
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